
HEAT AND MASS TRANSFER IN A BINARY TURBULENT BOUNDARY 

LAYER WITH NATURAL CONVECTION AT VERTICAL SURFACE 

P .  M. B r d l i k  UDC 536.25 

An approximate solution is given for binary turbulent natural convection, with allowance for 
diffusive heat conduction. Analytic expressions are obtained for the boundary- layer  outlet 
cha rac te r i s t i c s  (coefficients of heat exchange and mass  t ransfer) .  The solution is compared  
with experiments  on heat and mass  t ransfer  during condensation of vapors f rom mixtures  with 
various gases .  

We wri te  the integral equation of momentum for a binary turbulent layer  developing in the presence  
of gravitat ional  convection at a ver t ical  surface as 

h 

d u~dg _ T~, + p - -  p,~ 

0 o 

The change in density over the boundary- layer  thickness can be writ ten,  for a binary mixture ,  as the 
sum of two par ts :  the variations caused by tempera ture ,  and the variat ions associa ted with the gradient of 
mass  concentration for the "active" component "1": 

-- 9~ = -- ~t (t -- t~) -- ~m (,n~ -- m ~ ) ,  (2) 
9| 

where the coefficient of volume concentrat ion expansion for  an ideal binary mixture  is found from the r e -  
lationship 

1+ ( M J M ~ -  I) tn~ (3) 

The output charac te r i s t i c s  of a turbulent boundary layer  are conservat ive  with respect  to the porous 
supply of mat ter ;  thus we assume that the tangential s t r e s s  at the wall is qualitatively analogous to the 
s t r e s s  for turbulent natural  convection at impenetrable surfaces  [1], 

�9 w 0 , 2 5 3 9 ~ u ~ ( 5 ) ~ / 2  = ~ , ( 4 )  

Qualitatively, we should expect significant differences,  since u I and 6 are  found by simultaneous so lu-  
tion of the equations of motion, energy,  and diffusion for the binary boundary layer ,  where the c h a r a c t e r i s -  
ties of penetrabil i ty must  affect the values of u 1 and 6. 

Substituting (2) and (4) into (1) and going f rom the 
(6) and diffusion (6m) boundary layers ,  we have 

6 6 

o o 

We write  the equation for  the energy of the binary 

6 

dx 
0 

thickness h to the thicknesses of the hydrodynamic 

0 

turbulent boundary layer  as 

(5) 

u ( t - -  t~) dg --  q ~  + %RM2Tw 
g9~ cp 427M1M2c~9~ ] ~  + 9v~ (t~ - -  t~), (6) 
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where  the sum of the f i r s t  two t e r m s  on the right side equals the heat  flux resul t ing  f rom conduction (qTw) 
and the diffusion conduction 

qw = qTw "~- aTRM2T~ Jlw. (7) 
427MIM2 

For  the heat  flux at the wall  that is t r ansmi t t ed  by conduction, we use an express ion  r e sembl ing  that 
for  an impene t rab le  sur face :  

qT~o = 0.253gp~cpul ~ ] (tw--t| Pr --2/a, (8) 

obtained on the bas i s  of the Reynolds analogy in [11; h e r e  the penet rabi l i ty  c h a r a c t e r i s t i c s  affect  the values 
of u 1 and 5, found by s imul taneous  solution of the equations of motion,  energy ,  and diffusion. The fac tor  
P r  -2/3 allows for  the deviation f rom the exact  analogy when P r  differs  f rom unity. Then (6) can be wri t ten 
in the fo rm 

6 
__d fu (t--t| l ( v-~-]l/2(tw--t=) Pr-2/3 -} - a'RMWw ]lw +-Pvw(tw--t| (9) 
dx J \u,~ l 427M1M:pp| 

0 

The in tegra l  equation of diffusion has  the fo rm 

6m 
A ~ .  (m~- m.~) dy = hw + ~"w (re, w -  ml-). (lO) 
dx p~ 

0 

Neglecting the m a s s  flow resul t ing  f rom the rma l  diffusion and using the Colborn analogy between 
momen tum and diffusion, we de t e rmine  the concentra t ion flow of component  "1" at the wail ,  

] l w =  "f_~w SC-2/3 ( m l w  __ ml| ' (11) 
/'/1 

where  the f ac to r  Sc-2/3 allows for  the deviation f rom the exact  analogy when the Schmidt number  differs  
f rom unity. 

Allowing for  (4), we can r e p r e s e n t  the concentrat ion m a s s  flow of component  "1" as 

/ .~ \ 1/2 
11~ = 0"2539wul f - |  Sc -2/3 (ml~-- ml| (12) \ ul~ / 

The t r a n s v e r s e  veloci ty  v w at the wall  is a s soc ia ted  with the concentra t ion flow of component "1" by 
the re la t ionship  

v~ p~(1 - -  ram) (13) 

To solve the s y s t e m  (5), (9), and (10), we mus t  specify  the dis t r ibut ions of veloci ty,  t e m p e r a t u r e ,  and 
m a s s  concentra t ion of component  "1" in the boundary layer ;  we use the "one-seventh"  law: 

/'~ = /'~1 ('~-)1/7 (1---~-)4;  t - - t~=( tw- - t ' ) [1 - - ( -~) ' /7]  ; (14) 

/721-- ]7/1. = (?/21W-- ]'alto ) [ 1 - -  ( g ~1/7] 

Solving (5), (9), and (10), with allowance for (13) and (14), we have 

Nu~ : p - - ' / ' [ l +  f~,. ra,~,--m,w 1 ] ' / '  

lq- 2,14+ PW a [Sc ] 1--ml~ 
X 2,14 [Pr'] 2/am'~~174 [l+Du(1--mu~)]~ %-'/3 l-l- \So] Du(mlw--m~'~)~l/2 (15) 

Sh~ _ \ v r /  , ( 1 6 )  
"Pr 2/a 1/2 
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Fig. 1. "Total"  heat exchange (with a l lowaneefor  heat 
of phase t ransformat ions)  in condensation of various 
vapors  f rom mixtures with noncondensing gases in the 
p resence  of turbulent natural  convection at ver t ica l  
sur faces  (the curve is based on (22) or (24)): 1-4) ex-  
per iments  of Mazyukevieh [2, 3] [1) NH3-a i r ;  l = 276 
and 500mm;  eva~176 =2-35%; 2) NHa-H 2, 1 = 2 7 6 m m ,  
e~H 2 = 5-33%; 3) NH3-CH 4, l = 276 ram, ~v~CH4 

= E v a  = 19.5-33%; 4 ) F r e o n - 1 2 - a t r ,  l 500 m m ,  oo = 14.7- 
32.6%1; 5) exper iments  of [4], H 2 0 - a i r ,  eva = 89-98%, 

F -  - - ' /~  { P//" "~'/~ {, + 2.,4 ( p~ I "-/" ,~,~-, , ,~ - -  [1 .+ Du (1 
T- - - -~ '  ~ 2'I4+pr '~ I , 2.14_{_pr 2/a \ Sc } l _ m l  w 

--  mlw)] ~ I + /~ ( m l w - -  talon) D u +  I< ~/-" ] 
I - -  m l w  J , 

where 

Nux0 = 0,2 (Gr~ pr//3 ( p r 2 / 3 ) ~ / 3  
2,14 + Pr 2/3 (17) 

is the local Nusselt  number  at an impenetrable  sur face  under conditions of turbulent natural  convection [1]. 

The m a s s - t r a n s f e r  coefficient  was computed f rom the total mass  flow of component "1," which is as -  
sociated with the concentrat ion flow by the express ion  

W 1  w _ _  ]1 . . . .  %~9~ (mz~ - -  mlo:). (18) 
I--  m~w 

In (15) and (16), the ratio of the boundary layers  r = 5 /6  m was found, depending on whether ~ is g r ea t e r  
or less than unity, f rom the following relat ionships:  

a) 0 . 1 ~  ~-< 1.0 

{ l n l w - - m l = [ D u ( l _ m l w ) + l ] } @ 3 . 6 (  1 - m l w  Ce2/3--0,l)}; (19) r  t D u ( 1 - - m ~ ) + i ]  + 1 / /  ~ ~ = 0.309 
( i=m~-~ V 1--m,~ " 1--mx~ 

b) 1.0-< }-< 2.0 

1 ml~o--ml~ [ D u ( l _ m i ~ ) + l  ] +  ~/ 4 -  [ 1 " ~  [Du(l--mlw)+ 1--m1~ 
= 2 1--ml~ 

(20) 
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2'88,5 8,7ff 9,0 9,25 !~(firx Pr ) 
Fig. 2. Convective local heat exchange for  con-  
densation of water  vapor f rom moist  a i r  with 
turbulent natural  convection at ver t ica l  surface  
(curve corresponds  to formula  (15), and the c i r -  

O(3 

ctes to exper iment  [4]; eva = 89-98%). LT =-p--V, 
p/A % 

_~,14+PrU,)  [l@~t ml---m~w I']V~' 1 2,14 
i 

( '/=]-":[S -l-(Pr~'i'liSc] P r I'V: ,"n,w--m,. [1-LDu(1---mxm)]~ 1 
Sc ] 1 ~ mt~ 

(mlW --ml~ ) ~'1' 1 . DU 
J 

When there  are  phase t ransformat ions  or chem-  
ical react ions  at the wall, the "total" heat flux through 
the wall to the cooling medium is found f rom the fo r -  
mula 

q*~ = q~, + rW~.  (21) 

We next use (21) to find the a rb i t r a ry  hea t - ex -  
change coefficient  with allowance for  the heat ce* of 
the phase t ransformat ions  or chemical  react ions:  

Nu:r [3 t t| - -  t~ 

I-t- 2,14 / Pr '121a m x - - r n l =  
2,14-b PF/a~,~-c ] 1-- m~ 

X [1+ Du(1--ml~)] ~1/2} "~I/a F [Prk2/a 
[1+  {~-c) (ml~'--ml=) 

Figure  1 compares  the solution (22) with the exper imenta l  data of Mazyukevich [2, 3] on mean heat 
exchange in condensation of ammonia vapors f rom a mixture  with hydrogen,  methane,  and a i r ,  and also 
Freon-12  f rom a mixture  with air  in ver t ica l  tubes of height 276 and 500 ram. The f igure also shows our 
exper imenta l  data for  condensation of water  vapor  f rom moist  a i r  [4]. F o r  the general izat ion of Fig.  1, the 
ranges over  which the fundamental pa r ame te r s  vary are  as follows: volume content of inert  gas in mixture ,  
av~i = 2-98%; Grp = 5.5. 108-7.2 �9 1012; P r  = 0.7-2.15; Le = 0.17-1.0; Du = (-58)-2;  the KutateIadze num- 
ber  K = 11-480; the mixture  p r e s s u r e  P m =  1.0-13.6 aim abs. 

In the process ing  of the exper imenta l  data, the cha rac te r i s t i c  t empera tu re  and concentrat ion were  
taken to be the t empera tu re  and concentrat ion at a large distance from the condensation surface  (too, mloo). 
The par t ia l  vapor p r e s s u r e  at the wall was found f rom the wall Lemperature.  The relat ionship between the 
par t ia l  vapor p r e s s u r e  in the mixture  and its mass  content was establ ished f rom the formula  

R2Pv tTtl~ 
RlPm-  P~, (R1 ~ Re) 

where  Pm is the mixture  p r e s s u r e ,  and Pv is the part ial  vapor p r e s su re .  

Where the content of the iner t  gas in the v a p o r - g a s  mixture  is low, formula  (3) for  the coefficient of 
volume concentrat ion expansion is incor rec t .  Thus in (22) we took [1 + ( $ m / f l t ) ( m l ~ - m l w ) / ( t o o - t  w) (1/~)] 
= 1, while the Grashof  number  of the mixture  was found f rom the dif ference of the densi t ies ,  

Gr o = g la 

As a resul t ,  (15) and (22) take the form 

Nu = 0,2 (Grxp pr)lia ( Pr e/a )I/a ~_I/a {1 + 2,14 (P r / e /3  
2,14+ Pr 2/3 -2,14+Pr 2i3 \Sc ] 

• m l ~ ' - m l "  [ I+Du(1- -ml~) l  ~i/~}-,/a [ (prt2/a ] 
I - -  mi= 1 + Du ( m : w  - -  mi�9 ) ~1/2 \ Sc ) , (23) 

" ( Pr2ia )'/a ~-l/a 
Nu. = 0,2 (Grip Pr) 1/3 2,14 + Pr 2i3 

"1 --t/3 
{ 2,14 /Pr  12/a mi~'--ml~~ [1-}-Du(l 'm,~.)]  ~1/2 I 

• l +  2,14-b pr2/3 \Sc / 1--ma~ o 

(mlw__rni�9 l_mxw ) ~'/2] . (24) 
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The the rma l  conduct ivi ty,  v i s cos i t y ,  diffusion coeff ic ient ,  and the rma l -d i f fu s ion  constant  were  found 
on the bas i s  of the modif ied  Buckingham potent ia l  [5]. Thus,  for  example ,  the t he rma l -d i f fu s ion  constant  
for  mix tu re s  va r i ed ,  depending on the t e m p e r a t u r e  and the mass  content of vapor  in the mix tu re s  as fo l -  

lows: NH3-H2, a T = 0.14-0.16; N H a - a i r  , a T = ( -0 .051) - ( -0 .045) ;  NH3-CH4, a T ~ -0 .002 ;  F reon -12  
- a i r ,  a T = 0.016-0.019; H 2 0 - a i r  , a T = ( - 0 . 0 8 ) - ( - 0 . 0 9 ) .  

F igu re  2 shows the local  convect ive  heat  exchange for  condensat ion of w a t e r  vapor  f rom mois t  a i r  at 
a ve r t i ca l  plate  [4]. The theo re t i ca l  curve (Fig. 2) co r r e sponds  to fo rmula  (15). The volume content of 

co 
wate r  vapor  in a i r  va r i ed  for  the expe r imen t s  of [4] within the range  evv = 2-11%. 

F o r  the expe r imen t s  cove red  by F i g s .  1 and 2, the maximum pumping ra te s  we re  as follows: for  the 
H 2 0 - a i r m i x t u r e ,  Vw max = 0.1 m / s e e ;  N H 3 - a i r  , 4 . 4 . 1 0  - 3 m / s e e ;  NH3-H 2, 3 .8 -10  - 3 m / s e e ;  F reon -12  
- a i r ,  3 .5"10 .3 m / s e e ;  NH3-CH4, 3.0 m / s e e .  
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6 

6m 
= 6/6m; 

Of 
a*  

N u  

N u *  

Sc = ~/D 
Pr 

Le = D/a 
Du = [(aTRM2)/(427MIM2cp )] 

�9 [Tw/(tw-too)] 
Sh = C~mX/D 
K = r / C p ( t w - t ~ )  
Gr x = gfi t( tw-too)x3/v2 
Orxp  ' = [(gxS)/u 21 

�9 I[(Pw-Poo)/Poo]l  

N O T A T I O N  

are the longitudinal and transverse coordinates; 

are the longitudinal and transverse velocity components; 

is the t e m p e r a t u r e ;  
is the absolute  t e m p e r a t u r e ;  
i s  the mass  p ropor t ion  of the i-th component;  
is the volume content of iner t  gas;  
is the volume content of vapor  in the mix tu re ;  
a re  the t he rma l  and concent ra t ion  coeff ic ients  of volume expansion;  
is the densi ty;  

is the i s o b a r i c  heat  capac i ty ;  
ts the coeff ic ient  of k inemat i c  v i scos i ty ;  
is the t he rma l  diffusivi ty;  
is the diffusion coeff ic ient ;  
m the t he rma l -d i f fu s ion  constant ;  
ts the coeff ic ient  of t he r m a l  conductivi ty;  
~s the m o l e c u l a r  weight;  
is the gas constant;  
~s the p h a s e - t r a n s i t i o n  heat;  
m the tangential  s t r e s s  at the wall ;  
~s the convect ive  heat  flux; 
is the heat  flux with a l lowance for  phase t r ans fo rma t ion  or  chemica l  r eac t ions  
at the wall ;  
is the heat  flux due to heat  conduction; 
is the diffusion flow of the i - th  component;  
is the total m a s s  flow of the i - th  component;  
is the width of the t he rma l  boundary l aye r ;  
is the th ickness  of the diffusion boundary l aye r ;  

is the 
is the 

phase 
is the 
is the 
is the 
is the 
is the 

coeff ic ient  of convect ive heat  exchange; 
a r b i t r a r y  hea t -exchange  coeff ic ient  with al lowance for  the heat  of 
t r an s fo r m a t i ons  ; 
convect ive Nusse l t  number ;  
Nusse l t  number  cons t ruc ted  for  a*; 
Schmidt  number ;  
P rand t l  number ;  
Lewis number ;  

is the Duffour number;  
is the Sherwood number ;  
is the Kuta te ladze  number ;  

is the Grashof  number ,  taken for  the t e m p e r a t u r e  d i f fe rence ;  

is the Grashof number taken for the density difference�9 
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S u b s c r i p t s  

w ts the 
r is the 

0 m the 

1 ~s the 

2 is the 
x is the 
ove r sco re  is the 
a ~s the 
v ~s the 

wall; 
outside wall; 
value at an impenetrable wall; 
active component of binary mixture (vapor); 
inert  component of mixture;  
local value; 
average value; 
air;  
vapor.  

1~ 
2. 

3o 
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